SADLER MATHEMATICS
METHODS UNIT 3

WORKED SOLUTIONS

Chapter 5 The fundamental theorem of

calculus

Exercise 5A

Question 1

a j (12t% + 6t)dt

=4t° +3t* +c
b jlx (12t + 6t)dt
=[4t*+3° ]

=4x° +3x* - (4+3)
=4x°+3x* -7

d (%00
c &( L (12t +6t)dt)

=i(4x3+3t2 -7)
dx
=12x% + 6X
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Question 2

a j(l—rz)dt

=t—-—+cC

=t+1+c
t
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Question 3

a jzt(t2 +3)*dt

(t* +3)°
5

+C

b [ 2t +3)

[r+3°
il

(X +3)° (27 +3)°
-5 5

(¥ +3) 16807
5 5

d x 2 4
c &U—z 2t(t? +3) dt}

Cd((*+3)° 16807
_&[ 5 5 j
~ 5(x®+3)*x 2x
S

= 2x(x* +3)*

Question 4
ol
dx

Question 5

[ f(t)dt)= £(x)
4x

Question 6

5x?

Question 7

2x3
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Question 8

5-x

Question 9

(x+3)*

Question 10

16x(x* +3)*
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Exercise 5B

It is hoped students will be able to recognise the relationship and produce the answer in one
step, but just in case questions 1, 2 and 3 are done in full.

Question 1

Question 2
%( [+ 5)dt)

5 X
=i t—+5t
dx(| 5 )

5
:i X—+5x—(£+5)
dx{ 5 5
=x"+5
Question 3

a jj—x(x2+5)

_[Zx

=x’+c
b I%(6x3—4x2+2x+1) dx

= .[(18)(2 —8x + 2)dx

=6x°—4x*+2Xx+C
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Question 4
a f(3) =1

b f(6) =2

c [, T

:£x4><4
2

=8

10
d jo f (x) dx
1

=8-8-"x2x2
2
=-2
Question 5
a f@Q)=-2
b f(7)=3
1
c ~(2+3)x2=5
2
d Areafromx=1to x=3
2+£><1><2=3
2

Areafromx=3tox=8
6+5+1=12

- [ f(x) dx=12-3=9
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Question 6
2
a jo f (x) dx

=£>< TT X 22
4

=T

10
b L f (x)dx
=4-n

j:: —E: —J.f - Area =4+ (-n)

c jo f(x)dx=0
Whena=0, 4 and 8

d jo f(x)dx <0
When 4<a<8

Question 7
5
— y2 24
y =X +'[0(1+3t ) dt

3
Y S, (1+3x%)*
dx 2

© Cengage Learning Australia Pty Ltd 2019



Miscellaneous exercise five

Question 1

1
GXZ—%X 2 x4

24/x

Question 2
(x+5)(x=3) = x*+2x-15
i(x2 +2x-15)
dx
=2X+2

Question 3

2(3x—1)x 3=6(3x-1)

Question 4

5(3x—1)* x 3=15(3x —1)*

Question 5

(5x—-1)(6x*) + (2x* —=3)(5)
=30x° —6x*+10x°> -15
=40x° -6x* 15

Question 6

(5x—1) x 3(2x—3)% x 2+ (2x—3)*(5)
= (2x-3)’ [6(5x —1) + 5(2x—3)]

= (2x—3)*[30x—6+10x —15]

= (2x—3)?(40x — 21)
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Question 7

(x=Dx2-(2x+3)x1
(x—1)?

_2X-2-2x-3

o (x=1

5

(x-1)?

Question 8

(2x+3)x1-(x-1)x 2
(2x+3)°
_ 2X+3-2X+2
~ (2x+3)?
5
 (2x+3)?

Question 9

Y _ (x-1)@0+(2=2)(1)
dx

=2X*—2X+X* =2

=3x>—2x-2
When x =0,
Yy_,

dx
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Question 10

Whenx=+\/€,
y=£+i6

NG
=26

When x = —\/5,

wE e
Whenx=«/€,
d’y 12

dx*  (\/6)’
(\/6, 2\@) IS a minimum point.

>0

When x:—\@,
d’y 12

d<*  (/6)’
(—\/5,—2\/6) IS a maximum point.

<0
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Question 11

a

The curve has a y-intercept (0, 3) and contains the point (5, 28).
The function f (x) has a value of 3 when x =0.
The function f (x) has a value of 28 when x =5.

The average rate of change of f (x), from x =0 to x =5, is 5 units per unit change in x.

The instantaneous rate of change of f (x) when x =11is 2.

f(x)=ax’+bx+c
f(0)=c=3
f(5)=25a+5b+3=28
25a+5b =25
f'(x)=2ax+Db

f'M=2a+b=2
b=2-2a
25a+5(2—-2a)=25
25a+10-10a =25
15a =15
a=1
b=2-2(2)
=0
() =x"+3

f (x) = ax® +bx* +cx+d
f(0)=d=3

f (5) =125a+25b +5¢c+3 =28
125a+25b+5¢c =25
25a+5b+c=5

f '(x) = 3ax® + 2bx +c¢
f')=3a+2b+c=2

Equation 1- Equation 2
22a+3b=3

Select a pair of values for a and b which make 22a+3b =3 true.
ie.a=15b=-10=c¢=175

f(x) =1.5x* —10x* +17.5x+3
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Question 12

y= 25_[ 2(2x+1)*dx

=5(2x+1)° +c

Whenx=0,y=7
7=5(2(0)+1)° +c
c=2

Sy =502x+1)°+2

Question 13

f"(x) =144(2x — 1)
f/(x) =72 j 2(2x —1)%dx
(2x-1)°

=72x +C

=24(2x-1)°*+c
f'(1) = 24(2(1) ~1)° + ¢ = 26
c=2
f'(x) = 24(2x~1)° + 2
f(X) =j24(2x—1)3+2 dx
:jlzx 2(2x —1)% + 2 dx

(2x-1)*

=12x +2X+C

=3(2x-1)" +2x+c

f(1) =3(2(1)~1)* +2(1) +c = 6
c=1
f(x)=3(2x-1)"+2x+1
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Question 14

Marginal Revenue = R'(x)
R'(x) =30-2(0.02)x
=30-0.04x
R'(100) = 30—0.04(100)
=26

Marginal revenue at x =100 is $26 per unit. The revenue will increase by approximately $26.

Question 15

a y=(Xx+D(x-2)°

Intercepts

y-intercept : y = (0+1)(0-2)
=4
= (0, 4)

x-intercept : (x+1)(x—2)> =0
Xx=-12
.. It cuts the x-axis at (—1, 0) and touches at (2, 0).

Stationary points
%Z(X+1)>< 2(x—2)x1+(x—2)*x1
X
=2(X+D(x-2)+x* —4x+4

=2(X* =Xx=2)+ x> —4x+4

=3x% —6X
3x?—-6x=0

3xX(x-2)=0
SoXx=0,x=2
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Stationary points at (0, 4) and (2, 0).

2
9 _6x—6
dx
When x =0, y
d Zy _ 6(0) _6<0 gboagl maximum Yo (et D e—2)
dx?

. (0, 4) is a maximum point.
Inflection

(1,2)

When x =2, =
2
9 _62)-6>0 1,0 .
X o
. - . (2,0 v
(2, 0) is a minimum point. [ Local minimum

b [ e (x-2)%x

= J‘_zl(x3 —3%% +4) dx

= ——x3+4x}
4 -1

= E—8+8}—{%+1—4}

| 4
-+
4
3 2
=62 or 6.75 units
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Question 16

Underestimation

0.91° +1.1° +1.2° +...1.9°]
=3.4075

Overestimation

0.4[1.1° +1.2° +..2°]
=4.1075

3.4075+4.1075
2
=3.7575 units®

X =

Question 17

Vv =£nr3
3

Ziﬂtx53
3

=524 cm® (nearest)

— =4nr?
dr

8—\/ ~ 4mr?
or

oV = 4nridr
~4mx5%x0.1
~31.4

-V ecm®+b cm?®

=524 cm®*+£31cm?®
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%i_%]m@]simp Ii"y v —Hj—

19
XEU[[%]W]*& 1

X=211[[1—"0]“3]»=0. 1

3. 4075

4. 1075
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